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Introduction. A left amenable group (i.e., topological group) is a group with a

left invariant mean. Roughly speaking this means that the group has a finitely

additive set function of total mass 1, which is invariant under left translation by

elements of the group. A precise definition will be given later. Groups of this type

have been studied in [2], [5], [7], [8], [12], [13], and [20]. Most of the study to

date has been concerned with discrete groups. In this paper we shall attempt to

extend to locally compact groups much of what is known for the discrete case.

Another interesting class of groups consists of those groups which have the

fixed point property. This is the name given by Furstenberg to groups which have a

fixed point every time they act affinely on a compact convex set in a locally convex

topological linear space. Day [3] has shown that amenability implies the fixed

point property. For discrete groups he has shown the converse. Along with

amenable groups, we shall study, in this paper, groups with the fixed point

property.

This paper is based on part of the author's Ph.D. dissertation at Yale University.

The author wishes to express his thanks to his adviser, F. J. Hahn.

Notation. Group will always mean topological group. For a group G, G0 will

denote the identity component. Likewise H0 will be the identity component of H,

etc. Banach spaces, topological vector spaces, etc., will always be over the real field.

For topology, we use the notation of Kelley [18], except that our spaces will always

be assumed Hausdorff.

1. Preliminaries. Let S be an abstract set. We denote by B(S) the Banach

space of real valued bounded functions on S with supremum norm.

1.1 Definition. Let A be a closed linear subspace of B(S). A mean on A is a

linear functional m such that for each/in A, m(f) á supxeS f(x).

Using the Hahn-Banach theorem, we see that a mean on A can always be

extended to B(S). Thus m(f) may be represented as an integral jfdm for some

finitely additive set function m defined on all subsets of S. We thus use inter-

changeably the notations m(f), jfdm and jf(x) dm(x). We shall most often

be concerned with the case when S is a normal topological space (in fact a locally

compact group) and A is the space of continuous bounded functions. In this case
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we may consider m to be a regular finitely additive set function defined on the Borel

sets. See, for example, Chapter 4 of [6] for the representation theorems for linear

functionals.

There is a class of means which are very important. They are the finite means.

1.2 Definition. A mean m on A will be called a finite mean if there are positive

scalars ax, a2,..., an with ax + ■ • ■ +ccn= 1, and points sx, s2,..., sn in S, such that

for each/in A,

m(f) = «l/(il) + «a/fe)+ • • • +"nf(Sn)-

The important property of the finite means is that they are weak* dense in all

means on A.

1.3 Theorem (Day [2]). Let A be a closed linear subspace of B(S). Then the

finite means on A are weak* dense in the set of all means on A.

Proof. If not, then a simple application of the separation theorems yields a

function /in A, such that m(f)^ 1 for m a finite mean, but m'(f)> 1 contradicting

the definition of mean.

We have already given a meaning to the symbol \fdm for/in A, and m a mean

on A. We wish now to define this integral when/has values in a topological linear

space.

1.4 Lemma. Let S be an abstract set, and A a closed linear subspace of B(S).

Let X be a compact convex set in a topological linear space L, and let <î> be the

family of all linear functionals on L which are continuous on X. Suppose that í>

separates the points of X. Let f be a function from S to X, such that <f> °fis in A for

each <f> in <J>. Then if m is a mean on A there is a unique point x in X such that

<j>(x) = m(<¡> of) for each <j>eQ>.

Proof (see [3]). Uniqueness is obvious. The existence is clear for finite means,

and the general case follows by taking a net of finite means converging to m,

and taking x to be a limit point of the corresponding points in X.

1.5 Definition. Under the hypotheses of the above lemma we shall say that the

function/is integrable, and we shall denote the point x by \f dm or \f(s) dm(s).

1.6 Lemma. Let T be an affine transformation ofL which is continuous on X, and

suppose that A contains the constant functions. Then iff is integrable, with values in X,

Tf is integrable, and

T if dm = ¡Tfdm.

Proof. The integrability of Tf is easily verified. The equality of T jfdm and

\Tf dm is obvious for finite means, and the general result follows from the fact

that the finite means are dense.
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2. Amenable groups. Let G be a group, and / a function defined on G. Then

by fy we shall mean the function defined by

/„(*) = f(yx).

2.1 Definition. A group G is called "left amenable" if there exists a mean on

the bounded continuous real valued functions on G which is invariant under left

translations by elements of G. That is, m(fy) = m(f) for y in G.

The term left amenable is due to M. Day.

We shall now prove for left amenable groups some basic theorems which are

well known if the topology is discrete. Most of them were known to von Neumann

[20] for discrete groups.

2.2 Theorem. A homomorphic image of a left amenable group is left amenable.

Proof. If the homomorphism is denoted by n and the invariant mean on G

by m, then m'(f) = jf(ir(x)) dm(x) defines an invariant mean on tt(G).

2.3 Definition. We shall say that a group G is a directed union of subgroups

Ha if G is the union of the Ha, and if given ax and a2 there is an a such that

H„=>H„  u H„ .

2.4 Theorem. If G is a directed union of subgroups Ha and if each Ha is left

amenable, G is left amenable.

Proof. Let ma be an invariant mean on Ha. Then the map/-?* ¡Hafdmlx defines

a mean on G which is left invariant under Ha. Denote by Ma the set of means on

G which are invariant under Ha. Then the Ma are compact sets with the finite

intersection property, so they have a nonempty intersection. But any mean in

their intersection is an invariant mean on G.

2.5 Corollary. If the closure of every finitely generated subgroup of G is left

amenable, G is left amenable.

2.6 Theorem. If H is a normal open subgroup of G, and if both H and G¡H are

left amenable, G is left amenable.

Proof. If n is a left invariant mean on H and ¿ a left invariant mean on G\H,

observe that if, / is a continuous bounded real valued function on G, jfy dft

defines a function on G which is invariant under //, and so is constant on cosets

of //. Thus it defines a function on G /// which is continuous, since our assumptions

imply that G\H is discrete. But then

m(f)=\    f f(yx)df,(x)dt,'(yH)

defines an invariant mean for G.
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In the above theorem we required H to be open, in order to guarantee the

continuity of ¡fy dp. as a function on G/H. There is another important case where

this function can be shown to be continuous.

2.7 Theorem. Let G be either a metric group or a locally compact group. Let K

be a compact normal subgroup, and suppose that GjK is left amenable. Then G is left

amenable.

Proof. Assume first that G ¡K is metric. We may construct the mean for G in

exactly the same way as in the proof of 2.6, provided that we can prove that

¡Kf(yk) dk (dk is Haar measure) defines a continuous function on the factor group

GjK. Since GjK is metric, it suffices to prove continuity on sequences. Thus we

assume we are given a sequence ynK -> yK in G/K. But it is shown in [23] that the

coset representatives yn and y may be so chosen that yn -*■ y. Then the dominated

convergence theorem gives us the desired continuity, since clearly fVn ->fy (the

convergence being pointwise). This completes the proof in the case when GjK

is metric. Passing now to the general case, we observe that G is a directed union

of its compactly generated open subgroups which contain K, so it will suffice to

prove that these subgroups are left amenable. Thus suppose that H is a compactly

generated open subgroup of G, and H contains K. Then H¡K is open in GjK, so

if we apply 3.2 (of course we will not use 2.7 when we come to the proof of 3.2)

we see that H\K is left amenable. Since H is compactly generated, there is a com-

pact subgroup K0 such that GjK0 is metric (see [16]). Now H¡KK0 is metric, and

left amenable, being a factor group of HjK0 and of HjK. Applying the special

case we have proved we see that H is left amenable. This completes the proof.

2.8 Examples, (i) A compact group is left amenable. The Haar integral

provides an invariant mean.

(ii) An abelian group is left amenable. This can be proved for example, by

observing that the group acts affinely on the set of means, and applying the Markov-

Kakutani fixed point theorem. Proofs which depend directly on the Hahn-Banach

theorem may also be given. See for example [3], [7], and [20].

(iii) A solvable group is left amenable. It suffices, on account of 2.2 to consider

discrete groups. But then the preceding example, together with 2.6, implies the

desired result.

(iv) The free group on two generators (with the discrete topology) is not left

amenable. See [7] and [20].

3. Subgroups of amenable groups. The principal result of this section is that, if

a locally compact group is left amenable, every closed subgroup is also left amen-

able. This generalizes a theorem of E. F0lner for discrete groups. Our proof is

based on the idea of F0lner's argument, but is necessarily more complicated because

of the continuity problems involved. We first have to treat the special case of open

subgroups. Here we prove at the same time a similar result for means on uniformly

continuous functions, as we shall later need this, and the same proof works.
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3.1 Definition. If G is a topological group, a real valued function fis said to

be right uniformly continuous if, given an e > 0, there is a neighborhood U of the

identity in G such that

\f(yx)-f(x)\ < e   for all y in U, x in G.

The class of right uniformly continuous functions is easily seen to be a uniformly

closed (two-sided) translation invariant linear subspace of B(S).

3.2 Theorem. If G is left amenable, and if H is an open subgroup of G, H is left

amenable.

3.3 Theorem. If G has a left invariant mean on the space of right uniformly

continuous bounded real valued functions, and if H is an open subgroup of G, H also

has such an invariant mean.

Proof of 3.2 and 3.3. For each right coset of H pick once and for all a fixed

coset representative. Then iff is a function on H we define the function/' on G

by/'(x)=/(«) where « is in H, x=hg, and g is one of the chosen coset representa-

tives. Then if m is the invariant mean on G define the invariant mean m' on H, by

m'(f) - m(f').

This completes the proof.

We remark that this is exactly the proof used for the discrete case in [8].

We now prove a result which is the basis for eliminating the restriction that H

be open in 3.2, provided that G is locally compact.

3.4 Theorem. Let G be a left amenable group, and H a closed subgroup. Assume

that H\G, the space of right cosets of H, is paracompact, and that local cross sections

exist. Then H is left amenable.

Proof. The hypotheses imply that there is a locally finite cover Ua of H\G,

where the sets Ua are open, and there is a map <f>a of Ua into G, such that -n o <f>a

is the identity on Ua, where it is the natural map of G onto H\G. Let ga be a parti-

tion of unity subordinate to the Ua. If/is a bounded continuous real valued function

on H, define /„ on 7r_1(i/a) by fa(h<j>a(s)) =/(«) for « in H, and s in Utt. Define

f' = 1.afaga- Since the sum is locally finite,/' is easily seen to be continuous. Now

if m is the invariant mean for G, define the invariant mean m' for //by

m'(f) = «!(/')•

It is not difficult to see that m' is indeed an invariant mean for H. We omit the

details.

3.5 Lemma. Let G be a finite dimensional separable locally compact group.

Then if G is left amenable, so is every closed subgroup.

Proof. Karube [17] has shown that in this case G satisfies the hypotheses of 3.4.
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3.6 Lemma. Let G be a separable metric locally compact group. Then if G is left

amenable, so is every closed subgroup of G.

Proof. The identity component G0 of G possesses a largest compact normal

subgroup K, and G0/K is a Lie group (see [14]). Clearly K is a normal subgroup of

G, and G¡K is finite dimensional. Now suppose that H is a closed subgroup of G.

Then HK\K is a closed subgroup of G \K, so 3.5 shows that HKjK is left amenable,

///(// n K) is left amenable. We may now conclude from 2.7 that //is left amenable.

3.7 Lemma. Let G be a locally compact group which is compactly generated.

Then if G is left amenable, so is every closed subgroup ofG.

Proof. We may find a compact normal subgroup K such that GjK is metrizable

(see [16] or [19]). Now let H be a closed subgroup of G. Then we may apply 3.6

to show that HKjK is left amenable. Then the argument used in the proof of 3.6

may be used to show that H is left amenable.

3.8 Lemma. Let G be a left amenable locally compact group, and H a compactly

generated closed subgroup of G. Then H is left amenable.

Proof. We may find a compactly generated open subgroup M of G, such that

H is a subgroup of M. An application of 3.2 shows that M is left amenable, so

that 3.7 implies the left amenability of //.

3.9 Theorem. Let G be a left amenable locally compact group. Then every closed

subgroup of G is left amenable.

Proof. Let H be a closed subgroup of G. Then 3.8 implies that every finitely

generated closed subgroup of H is left amenable. An application of 2.4 now com-

pletes the proof.

3.10 Corollary. A locally compact group is left amenable if and only if the closure

of every finitely generated subgroup is left amenable.

Proof. This follows easily from 2.4 and 3.9.

3.11 Corollary. A left amenable locally compact group does not contain the free

group on two generators (the latter group being given the discrete topology).

Proof. This follows from 3.9, since the free group on two generators is not left

amenable (see [7]).

4. Groups with the fixed point property.

4.1 Definition. A group G will be said to have the fixed point property, pro-

vided that whenever G acts affinely on a compact convex set in a locally convex

topological linear space, G has a fixed point. That is, whenever A" is a compact

convex set in a locally convex space, and (g, x) -*■ gx is a continuous map of

G x A' to A, such that x -> gx is affine, and such that (gxg2)x=gx(g2x), then there

is a point x0 in X such that gx0=x0 for all g in G.
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Day has shown that left amenable groups have the fixed point property, and

that for discrete groups, the converse is also true. (See [3] and [4].) Slightly modifying

his argument we prove :

4.2 Theorem. A topological group G has the fixed point property if and only if

there is a left invariant mean on the space of bounded real valued right uniformly

continuous functions on G.

Proof. If m is a mean on the bounded right uniformly continuous functions on G,

we define gm by

gm(f) = m(fg).

Then this is easily seen to define an affine action of G on the compact convex set

(with the weak* topology) M of means on right uniformly continuous functions

on G. But a fixed point in this action is an invariant mean. Suppose now that G

has an invariant mean on right uniformly continuous functions. Assume that G

acts affinely on a compact convex set A" in a locally convex space L. Observe

firstly that if <j> is a linear functional on L which is continuous on X, and if x0 is a

fixed point of X, then ^(gx0) is a bounded right uniformly continuous function on

G (the uniform continuity may be proved by a standard compactness argument).

Thus in the notation of 1.5, gx0 is an integrable function of g. But then 1.6 may be

used to show that J" gx0 dm(g) is a fixed point under G if m is an invariant mean.

4.3 Remarks. The above proof shows that if G has a fixed point for a certain

special action, then it has the fixed point property, this special action being the

action on the set of means on right uniformly continuous functions on G.

There are two immediate corollaries of 4.2.

4.4 Corollary. Let G have the fixed point property. Then every open subgroup

of G has the fixed point property.

Proof. In view of 4.2 this is equivalent to 3.3.

4.5 Corollary. If G is a group and H is a dense subgroup, G has the fixed point

property if and only if H has.

Proof. The classes of right uniformly continuous functions on G and H are

essentially identical. Thus the result follows from 4.2.

Most of the theorems of §2 have analogues for groups with the fixed point

property.

4.6 Theorem. If G has the fixed point property so does every homomorphic

image of G.

A.l Theorem. If G is the directed union of subgroups Ha and if each Ha has the

fixed point property, G has the fixed point property.

Corollary. If the closure of every finitely generated subgroup of G has the

fixed point property, G has the fixed point property.



228 N. W. RICKERT [May

The proofs of these assertions are similar to those of the corresponding theorems

in §2 if we make use of 4.2. Alternatively they may be given simple direct proofs

based on the definition of the fixed point property.

4.8 Theorem. Let G be a group, and H a normal subgroup such that both H and

G ¡H have the fixed point property. Then G has the fixed point property.

Proof. Suppose G acts on a compact convex set X in a locally convex space.

Then there are points in X fixed under H. Thus let y be the set of fixed points for H.

It is easily seen that Y is a compact convex set. Furthermore we may deduce from

the normality of H (by a simple calculation) that Y is invariant under G. Thus

there is an induced action of G\H on Y, and since G\H has the fixed point property

there is a fixed point. But such a fixed point is a fixed point for the action of G

on!.

We remark that a proof of 4.8 could have been given which used the same

method as used in 2.6 (and using 4.2).

4.9 Examples, (i) Abelian groups have the fixed point property. In fact this

is the content of the Markov-Kakutani fixed point theorem (see [6]).

(ii) Solvable groups have the fixed point property. This follows from (i) by

repeated application of 4.8.

(iii) Compact groups have the fixed point property. This is the Kakutani fixed

point theorem (see [6]), or may be deduced from 4.2 using Haar measure.

(iv) If G is a solvable extension of a compact group (i.e., if there is a solvable

closed normal subgroup 5 of G such that G/S is compact), G has the fixed point

property. This follows from (ii) and (iii) together with 4.8.

(v) An amenable group has the fixed point property. This is an immediate

consequence of 4.2.

(vi) The free group on two generators, with the discrete topology does not have

the fixed point property. This follows easily from 4.2 since the free group on two

generators is not left amenable.

5. Characterization of groups with the fixed point property. In [9] Furstenberg

showed that a connected semisimple Lie group does not have the fixed point

property unless it is compact. We give another proof of this theorem. (The theorem

is true without connectedness if we require that the identity component is not

compact.) Furstenberg then used the theorem to characterize connected Lie

groups with the fixed point property. We extend his characterization to locally

compact groups G for which G¡Gq is compact.

5.1 Theorem (Furstenberg). Let G be a semisimple Lie group, the identity

component of which is not compact. Then G does not have the fixed point property.

Proof. If G has the fixed point property, so does its identity component, since

this is an open subgroup of G. Thus we will assume henceforth that G is connected.

(We remark that the argument we give would work equally well if G has at most
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finitely many components.) Let Z be the centre of G. Then it is well known that G is

compact if and only if G/Z is compact (see [10, pp. 123-124]). Thus we may assume

that G has a finite centre (since also if G has the fixed point property, so does G/Z).

Thus let G = KS be an Iwasawa decomposition of G. (Here S is a closed solvable

subgroup, and K a compact subgroup, and every element of G may be written

uniquely as g=ks.) Then G acts on G/S, and thus on the probability measures on

G/S. If G has the fixed point property it follows that there is a probability measure

on G/S which is invariant under G. But such a probability measure is known to

exist if and only if the modular function of S is the restriction to S of the modular

function of G. (See [11, pp. 203-207].) But G is unimodular [10, p. 366], while 5 is

not unimodular (the modular function of S is computed explicitly in Chapter 10

of [10], and from the formula given it is easily seen that S is not unimodular).

Thus G cannot have the fixed point property.

The restriction that G be a Lie group may now be dropped.

5.2 Theorem. Let G be a semisimple locally compact group whose identity

component is not compact. Then G does not have the fixed point property.

Proof. Denote by G0 the identity component of G. Let H be an open subgroup

of G such that H¡G0 is compact. Then H has the fixed point property if G does.

Now let K be a compact normal subgroup of H such that H\K is a Lie group

(which must be semisimple—see [21]). Now if H has the fixed point property,

so does H\K. Thus the identity component of H\K is compact. Thus G0K/K is

compact, so G0K is compact, so G0 is compact. That is if G has the fixed point

property, G0 is compact.

We now characterize locally compact groups G which have the fixed point

property, under the assumption that G/G0 is compact.

5.3 Theorem. Let G be a locally compact group, with radical R. Then if G has

the fixed point property, G0¡R is compact. If GjR is compact, G has the fixed point

property. Thus i/G/G0 is compact, G has the fixed point property if and only if GjR

is compact.

Proof. The last assertion follows easily from the others. The second assertion is

immediate from (iv) of 4.9. The first assertion follows from 5.2, for if G has the

fixed point property, so does G/R. But G¡R is semisimple, so its identity component

Go/R is compact.

5.4 Corollary. If a locally compact group G has the fixed point property, so

does G0.

Proof. Obvious from 5.3.

5.5 Theorem. Let G be a locally compact group with G¡GQ compact. Then G has

the fixed point property if and only if G is a (C)-group, or equivalently, if and only

if G does not contain a closed subgroup isomorphic to the free group on two generators.
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Proof. See 5.15 of [21] and apply 5.3 of this paper.

6. Remarks on amenable groups. Since amenable groups have the fixed point

property, an immediate consequence of 5.3 is that:

6.1 Theorem. Let G be a locally compact group with radical R. Then if G is left

amenable, G0¡R is compact.

A certain amount can now be said about giving necessary and sufficient con-

ditions under certain restrictions. It is shown in [22] that for G/G0 compact, if G

is a (C)-group, the regular representation of G weakly contains all unitary repre-

sentations. But Hulanicki has shown ([12], [13]) that if the regular representation

of G weakly contains all representations, G is left amenable. It follows therefore

that if G¡R is compact, G is left amenable. Thus for groups with G/G0 compact,

left amenability is equivalent to the fixed point property.

7. Closed subgroups of groups with the fixed point property. If G/G0 is compact,

and if G has the fixed point property, every closed subgroup of G has the fixed

point property, as may be deduced easily from 3.9 together with the remarks in §6.

We give a different proof here.

7.1 Theorem. Let G be a locally compact group for which G/G0 is compact.

Assume that G has the fixed point property. Then every subgroup of G has the fixed

point property.

Proof. On account of 4.5 it suffices to consider closed subgroups. Assume firstly

that G is a Lie group. Then 5.3 implies that G/R is compact, where R is the radical

of G. Suppose that H is a closed subgroup of G. Then there is a solvable normal

subgroup S of //, such that HjS is compact. Thus H has the fixed point property.

(For the existence of S see 5.4 of [21].) Now consider the general case. Again let

H be a closed subgroup of G. Choose a compact normal subgroup K of G, such

that G/Kis a Lie group. Then from the special case we have proved we conclude

that HKjK has the fixed point property. Thus ///(// n K) has the fixed point

property, and since H n K is compact it has the fixed point property, so H has the

fixed point property.

7.2 Corollary. Let G be a locally compact group with the fixed point property.

Assume that G has an open normal subgroup N such that N¡G0 is compact. Then every

subgroup of G has the fixed point property. In particular, ifG0 is open (for example

if G is a Lie group) every subgroup of G has the fixed point property.

Proof. The second assertion clearly follows from the first, since we may take

for N the identity component. For the first assertion, suppose that H is a subgroup

of G. Since N is open, N has the fixed point property. Thus H n N has the fixed

point property. Also HN has the fixed point property, since it is open. Thus HNjN

has the fixed point property, so Hj(H n N) has the fixed point property. But
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since H n N has the fixed point property, an application of 4.8 shows that H has

the fixed point property.

We sometimes wish to consider subgroups of a group in a topology stronger

than the relative topology, and we may wish to know whether 7.1 still holds.

(For example, we may be interested in Lie subgroups of a Lie group in the topology

which makes the subgroup a Lie group.) Under certain connectedness assumptions

7.1 is valid.

7.3 Theorem. Let G be a locally compact group with the fixed point property,

and let H be a locally compact group such that H¡H0 is compact. Suppose that there

is a one-one (continuous) homomorphism of H into G. Then H has the fixed point

property.

Proof. Since H has the fixed point property if and only if H0 has, we may as

well assume that both G and H are connected. But then G is a (C)-group by 5.5.

Thus H is a (C)-group (see [21]), so 5.5 implies that H has the fixed point property,

as asserted.
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